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Abstract: We generalise the self- interacting mass-dimension one spin-half Elko fields to 
r"! , any spin. These fields inherit the unusual properties of the spin-half fields. They all have 

mass-dimension one, renormalisable self-interactions and satisfy the Klein-Gordon instead 
of the higher-spin generalisation of the Dirac equation. Additionally, they all break Lorentz 
symmetry. The locality structure, free propagators and free Hamiltonians are obtained. 
The fields are shown to be local. The bosonic and fermionic free Hamiltonians have positive 
and vanishing vacuum energies respectively. 
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1 Introduction 

According to the conventional wisdom, spin-half quantum fields uniquely satisfy the Dirac 
equation and are of mass-dimension three-half. In 2005, a counterexample was found by 
Ahluwalia and Grumiller [1, 2] and it has since been further developed in refs. [3, 4]. These 
works proved by construction, the existence of self-interacting spin-half quantum fields of 
mass-dimension one and they satisfy the Klein-Gordon but not the Dirac equation. In 
this paper, we generalise these results by constructing self-interacting mass-dimension one 
quantum fields for any spin. 

The mass-dimension one spin-half quantum fields are constructed using Elko as expan- 
sion coefficients. Elko is a German acronym for Eigenspinoren des Ladungskonjugationsop- 
erators. In English, it means eigenspinor of the charge conjugation operator. The precise 
mathematical definition of Elko is given in the next section. Here we construct Elko for 
any spin and then use them as expansion coefficients for the quantum field. 

It is worthwhile to note that prior to the introduction of Elko, Ahluwalia has inves- 
tigated the properties of higher-spin Majorana spinors [5]. We will not elaborate on the 
similarities and differences between the spin-half Elko and Majorana spinors, a detail ex- 
position on this issue can be found in ref. [4]. We find, many results obtained by Ahluwalia 
on higher-spin Majorana spinors are in agreement with the results presented in this paper. 
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But of course, given the additional insights gained from studying spin-half Elko, the certain 
results such as the field equation, propagator and the physical interpretation of Elko differ 
from the original ones given in ref . [5] . 

In refs. [3, 4] it was shown that although the spin-half Elko transforms correctly under 
the finite-dimensional (j, 0) © (0, j) representation of the Lorentz group, the quantum fields 
violate Lorentz symmetry. This result was later generalised to Elko for any spin [6].^ 
This immediately raises the question on whether the quantum fields under consideration 
are well-defined. A partial answer was provided by Ahluwalia and Horvath [7] showing 
that the spin-half Elko spin-sums are covariant under VSR transformations proposed by 
Cohen and Glashow [8]. Here we will not pursue this direction any further as our primary 
goal is to construct and study the general properties of Elko and their quantum fields for 
any spin. Furthermore, we restrict ourselves to Lorentz instead of VSR transformations. 
This is because the properties of spin-half Elko remain unchanged under Lorentz and 
VSR transformations and we expect this to hold for any spin. Additionally, the general 
structure of Lorentz transformations is better understood and hence easier to manipulate 
when performing calculations. 

There now exists an extensive literature devoted to Elko. In cosmology, various authors 
have shown that Elko can be used to generate inflation [9-21] and Liu et al. have studied 
Elko in the brane world scenario [22]. The mathematical properties of Elko have been 
studied in detail by da Rocha et al. [23-29]. In quantum field theory, Fabbri showed that 
Elko does not violate causality [30-32]. Wunderle and Dick have used Elko to construct 
supersymmetric Lagrangians for fermionic fields of mass dimension one [33, 34]. But so far, 
all these results are restricted to the spin-half case. The purpose of this paper is therefore 
twofold. First to explore the general quantum field theoretic properties of Elko and second 
to encourage the theoretical physics community to do the same in their areas of expertise. 

The paper is organised as follow. In sec. 2 we construct Elko for any spin. This 
includes all the essential properties of Elko that are needed to construct a quantum field. 
In sec. 3, we construct and study quantum fields for any spin using Elko as expansion 
coefficients. After deriving the propagators and Lagrangian densities, we study the spin- 
statistics using canonical variables and compute the Hamiltonian. We show that the Elko 
fields for any spin are local and that the definitions of the conjugate momenta must be 
modified for the free Hamiltonians to be physical. The resulting free bosonic and fermionic 
Hamiltonians are positive-definite but now have positive and vanishing vacuum energies 
respectively. Finally, we discuss the possible connexion between Elko fields for any spin 
and dark matter. 

2 Elko for any spin 

We follow the procedure outlined in refs [1-4] to construct Elko for any spin. The first task 
is to define a suitable charge conjugation operator C in the (j, 0) © (0, j) representation of 

^We are using the term spin loosely. By a spin-j field, it is meant that the spinors transform under the 
finite dimensional {j, 0) © (0, j) representation. 
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the Lorentz group. Here, we define this operator as^ 

where K, is the complex conjugation operator acting to the right. The matrix is the 
Wigner time-reversal operator of dimension (2j + 1) x (2j + 1) defined by 

GJe~^ = -J* (2.2) 

where J = {J^ , , J^) are the rotation generators of the (j, 0) and (0, j) representations. 
We adopt the basis where is diagonal so that J are given by [35, eqs. (2.5.21-2.5.22)] 



(Ji ± iJ^)^^ = 5a,a±i\/(jT<T)(j±^ + l), 

( J3),^ = a5^^ (2.3) 

where cr = —j ■ ■ ■ j . To prove the existence of 0, we solve for each of the component of J 
and apply the complex conjugation operation. This gives us the following identity 

Jl^ = -(-1)<^-J„^,„,. (2.4) 

Rewriting this equation in matrix form, we see that it is equivalent to eq. (2.2). The general 
solution for Q (up to a sign) is then^ 

Qaa = {-l)-^-^5^^,^ (2.5) 

which guarantees the existence of the Wigner time-reversal operator for any spin. 

We are now ready to construct Elko for any spin. We start the construction by adopting 
the standard polarisation basis, introducing a set of spinors (/)(0, o") of the (0,j) represen- 
tation as eigenspinors of 

j3(^(0,(t) = 0-0(0,0-) (2.6) 

where a = —j, • • • ,j spanning the eigenvalues of J^. In the component form, we take the 
solutions of 0(0,0-) (up to a constant) to be 

0KO,<7) = \/^<5fo (2.7) 

with m being the mass of the particle. The spinors of arbitrary momentum 0(p, a) are 
obtained by 



[p,a) = exp 



= exp(-J • v)0(O,o-) (2.8) 

where K^'^'-'^ = iJ in the (0,j) representation. The rapidity parameter is defined as 

VIpP + m2 . . IpI . 
cosh(/9 = -^^ , sinhip= — , (f = ipp. (2.9) 

m m 

^See app. A for details on the derivation of C. 

^We define O such that when j = 1/2, O — —ia^ where is the second component of the Pauli matrix. 
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It follows from the existence of G and eq. (2.2) that the set of complex conjugated spinors 
['dQ(f)*{0, a)] where ■!? is a phase to be determined transform under the {j, 0) representation 

[??e0*(p,c7)] = exp [iK(j'°) • ip\ [m(l)*{0,a)] 

= exp [J • if] [m^*{0, a)] (2.10) 

where K^-'''^) = —iJ. Acting on ['dQ(f)*{0,a)], we see that they have opposite spin- 
projection with respect to 0(0,0") 

J^['dQ(t>*{0,a)] = -a[m4>*{0,a)]. (2.11) 

Combining the spinors given by eqs. (2.8) and (2.10), we obtain a set of 2 x (2j + 1) 
component spinors of the (j, 0) ® (0,j) representation of the form 

Their transformation under boost is given by 

X(p,cr) = k(p)x(0,o-) 

_ / exp(J • (f) 



exp(— J • (p) 



X{0,a). (2.13) 



These spinors become eigenspinors of the charge conjugation operator and hence Elko for 
any spin when = zbi 

Cx{0,a)U=±^ = T{-l?'x{0,(7)y=±i. (2.14) 

This relation holds for arbitrary momentum since C commutes with k(p) defined in eq. (2.13). 
We note, when j takes half-integral or integral values, the eigenvalues of Elko are even or 
odd with respect to the signs of the phase -d. It is important to note that this is not in 
contradiction with the result obtained in ref. [5]. The spin-one bosonic charge-conjugation 
matrix of [5, eq. (8)] differs from C^^^^^ up to a multiplication of a constant matrix. Once 
this differences is accounted for, we see that eq. (2.14) is equivalent to [5, eq. (12)]. 

In order to construct Elko fields, we follow the general structure of quantum field 
theory that a field operator must have two sets of expansion coefficients associated with its 
particle and anti-particle. Therefore, we introduce the self-conjugate (i9 = i) and anti-self 
conjugate (?? = —i) spinors 

C(0, (j) = x(0, o-)U=i,<^{o,<7)^p{o,<7) (2.15a) 
C(0, a) = a{a)x{0, -(^)\^=-i,^{o,a)-,e(o,a) (2.15b) 

with 

Pi{0, a) = c^fm8i„, £»^(0, a) = dy/m6i^ (2.16) 

where c and d are proportionality constants to be determined and a{a) is a phase. The 
reason behind the introduction of p(0, a) and g{0, a) will become apparent in sec. 3. 
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The spinor labels and the phase a{cr) are non-trivial. For the spin-half fields, the 
solutions are carefully chosen by the demand of locality by the demand of locality when 
the particles are taken to be Majorana fermions [3, 4]. As for quantum fields of any spin, 
consistency demands the general solutions for Elko to coincide with the spin-half case 
when j = 1/2. However, it is beyond the scope of this paper to analyse the general locality 
structure and determine a{a) when the particles are Majorana. Instead, we focus our 
attention on the quantum fields with distinct particles and anti-particles where the locality 
structure are insensitive to the choice of a{a). 

It is important to note that the original spin-half Elko were constructed in the helicity 
basis where the two component Weyl spinors of the (0, 1/2) representation are eigenspinors 
of <T • p. It was later discovered that in the polarisation basis, in addition to the labels 
and phases, the rest spinors must also contain information of a preferred direction under 
boost for the fields to be local [4, eqs. (17-18)].'^ We will have more to say about this 
issue in sec. 2.2. But so far, for the sake of simplifying the calculation, it is not necessary 
to introduce the required phases in the polarisation basis. Later, we will obtain Elko in 
helicity basis by performing a unitary transformation. 

2.1 Dual coefficients 

In the (j, 0) ® (0,j) representation, the dual coefficients of an arbitrary spinor '(/'(p) is 
usually defined as 

?(p) = V'^(p)r. (2.17) 

By the demand of Lorentz-invariant norm for the spinors, the matrix F is constrained by 
the following conditions 

[F,J] = {F,K} = 0. (2.18) 

where we have used the fact that J and K are Hermitian and anti-Hermitian respectively. 
Solving the equations and set the appropriate proportionality constants to unity, we obtain 




(2.19) 



where the / represents the {2j -|- 1) x (2j + 1) identity matrix. Under this dual, the inner- 
product between the spinors as well as their quantum fields would be Lorentz invariant 
thus allowing us to construct Lorentz invariant Lagrangian densities. 

However, Lorentz invariance of the dual alone does not imply that it is universally 
applicable. In fact eq. (2.17) is not the correct dual for Elko. Explicit computations show 
that the following inner-products identically vanish 

1(0, a)e(0, a) = C(0, a)C(0, a) = 0. (2.20) 

For the purpose of constructing Lagrangian densities, apart from the Lorentz invariance of 
the inner-product, the norms of the coefficients must also be non- vanishing and orthonor- 
mal. Equation (2.20) shows that eq. (2.17) is inadequate for Elko and must therefore be 

*See app. B for details. 
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replaced. The solution to this problem was first found by Ahluwalia in ref.[5] and further 
developed by Ahluwalia and Grumiller [1, 2]. Here, we show that their result can be triv- 
ially generalised to higher spin. Their solution is based on the observation that not all the 
inner-products under eq. (2.17) are vanishing. In fact they can be generically written as 

e(0,a)e(0,a') = im(-l)-^+'^ [c*^ - c^] (2.21a) 

C(0,a)C(0,a') = -im(-l)-^+'^ - (-l)-2-d2] (2.21b) 
In light of this observation, we define the dual coefficients for Elko as 

|(0,a)^/3(cT)et(o,_a)r (2.22a) 

C{0,a)=p{a)Q\0,-a)T (2.22b) 
where /3(cr) is a phase to be determined. From eqs. (2.21a) and (2.21b), we find that 

e(0, a)e(0, -a) = -e(0, a ± 1)^(0, -{a ± 1)) (2.23) 

and likewise for the anti-self conjugate spinors. For reasons to become apparent in sec. 3.1, 
we demand all the self conjugate spinors to have the same norm and likewise for their anti- 
self conjugate counterpart. This is achieved by demanding /3(cr) to satisfy the recursive 
relation 

/3(a) = -/3(a±l). (2.24) 
Taking cj = j as a point of reference, we obtain 

/3(a) = {-ly-'^m (2.25) 

where a = — j, • • • 

Computing the Elko norms using eqs. (2.23) and (2.25), we find 

[i?n/3(j)(c*2 -c2)5,,, j = l,2,--- 

,^ f-im/3(j)(d*2 + ^2)5 

\-imP{j){d*^ - (f)5,„, j = l,2,---. 

We want the Elko norms to be real, so without the loss of generality, we restrict the 
proportionality constants (? and to be either purely real or purely imaginary. For the 
norms to be non-vanishing, the proportionality constants must then satisfy 



c 



*2 _ (_l)2ic2, d*2 ^ _(_;^)2i^2_ (2.27) 



Substituting eq. (2.27) into eqs. (2.26a) and (2.26b), the Elko norms simplify to 

I (0, a)e(0, a') = 2imp{j)c*H^^, , (2.28a) 

^ (0, fT)C(0, a') = -2immd*^^aa' • (2.28b) 

The phase and the proportionality constants will be determined in sec. 3 when we 
study the properties of the Elko fields. 
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2.2 Spin-sums and preferred plane 

In the rest frame, using the spinors defined by eqs.(2.15a) and (2.15b), the spin-sums of 
interests to us are 

^(0) = J^e(0,cT)|(0,a), (2.29a) 

(T 

M(0) = ^C(0,(T)C(0,a). (2.29b) 

cr 

These spin-sums are important because they determine the propagator and locahty struc- 
ture of the associated quantum fields. We first compute them in the polarisation and then 
the helicity basis at rest and at arbitrary momentum respectively. 

Polarisation basis 

As we have mentioned at the end of sec. 2, the spin-half Elko in the polarisation basis 
must have non-trivial phases to ensure the quantum fields are local. At this stage, we do 
not know what these specific phases are for Elko of any spin. But fortunately, this is not 
necessary. By computing A^(0) and M(0), we can later obtain the correct spinors and spin- 
sums of arbitrary momentum in the helicity basis by performing a unitary transformation. 
The required phases for Elko in the polarisation basis can then be obtained as a limit of 
their counterpart in the helicity basis. 

Computing the spin-sums using eqs. (2.15a) and (2.15b), we get 





M(0) = -imP{j)d*' + mm\d\\-lf^ ® j • (2.30b) 

To understand why non-trivial phases are required in the polarisation basis, it is sufficient 
to study the behaviour of A^(p) 

N{p) = j;e(p,^)e(p,tT) 

= k{p)N{0)k~\p) (2.31) 

where we have used the general identity rK^(p)r = K~^(p). Expanding A^(0) using 
eq.(2.13) and eq. (2.30a) we obtain 

iV(p) = imPUy (^^ fj + mm\c\\-l?^ (e-J-^Ge-J-^ e'-^ee'-^\^ ^^.32) 

For general momentum p, the sub-matrices e^'^ '^Ge^"' '^ are not Lorentz covariant. In 
fact, due to its non-covariance, the resulting quantum fields would be non-local. These 
observations are in agreement with the previous results in the literature that the spin- 
half Elko fields violate Lorentz symmetry [3, 4]. In spite of these difficulties, the work of 



-7- 



Ahluwalia and Horvath suggests Elko may satisfy VSR symmetry [7] . Instead of attempting 
to determine the underlying symmetry group, we choose to focus on higher spin fields and 
their implications on particle physics and the general structure of quantum field theory. 

Returning to the problem at hand, we note that due to eq. (2.2), the spin-sum is in 
fact invariant and covariant if it is boosted along the 1, 3-axis and 2-axis respectively 

iV(/) = iV(/) = iV(0), (2.33) 





where the sub-matrices e^'^'^'^'^ are Lorentz-covariant.^ According to eq. (2.34), when the 
spin-projection of the particle coincides with the direction of the boost (along the 3-axis), 
the spin-sum remains invariant.^ Therefore, in the helicity basis where the spin-projections 
are aligned along the direction of motion, one would expect the spin-sum to be invariant 
under a general boost. 



Helicity basis 

Here we determine the spin-sums in the helicity basis by applying a similarity transforma- 
tion on their counterpart in the polarisation basis. But to achieve this, we first have to 
determine the relationships between Elko in both basis. 

In the helicity basis, the spinors of the (0, j) representation are defined as 

J ■ p(j){e,a) = a(j){e,a) (2.35) 

where 

p = (cos (j) sin 6, sin (p sin 6, cos 9) (2.36) 

and e = p||p|_^o instead of p = so the spin-projections are aligned along p. Since J • p 
is Hermitian and has the same eigenvalue spectrum as J^, it follows that there exists a 
unitary matrix S{6, (p) (whose precise form is not of interest to us) such that 

SJ^S^ = 3 p. (2.37) 

Therefore, instead of solving eq. (2.35) for the eigenspinors, we obtain (j){e, a) using eq. (2.37) 
by performing the following unitary transformation 

(p{e,a) = S(j){0,a). (2.38) 

Following the same computation that gave us eq. (2.10), we see that '&Q(j)*{e, a) transforms 
under the (j, 0) representation and has opposite helicity with respect to <j){e, a) 

3 • p [m(j)*{e, a)] = -a [t?e(/)*(e, a)] . (2.39) 
^See ref. [36, app. A] for more details. 

®The spinors of the (0,j) representation are eigenspinors of J'^, see eq. (2.6). 
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From eq. (2.37) we also obtain 

J3 [5~^e0*(O, a)] = -a [S~^e4>*{0, a)] (2.40) 
thus allowing us to make the following identification^ 

e(p*{e,a) = Se(l)*{0,a). (2.41) 
Combining the spinors given by eqs. (2.38) and (2.39), we obtain 

Setting = zizi and choosing the relevant phases we obtain Elko in the helicity basis. 
Since the definitions of Elko were already given by eqs. (2.15a) and (2.15b) and remain 
unchanged, we refrain from repeating ourselves. Elko in the helicity and polarisation basis 
are therefore related by the following unitary transformation 

e(e,a) =5e(0,a), C{e,a)=SaO,a) (2.43) 

where 



(2.44) 



Hoi 

The self-conjugate spin-sum in the helicity basis is then given by 
N{e) = SN{0)S^ 

= ^mmc*' (^^ fj + mm\c\\-l?^ (^^^g, ^^^'^ • (2.45) 

Now we need to boost N{e) to arbitrary momentum and determine the precise form 
of the sub-matrix SQS^ . The former task can be accomplished as follow. Noting that the 
boost along the 3-axis is 

^e^V o ^ 
O e--^'^ 



<P')=\ ^ _-.3j, (2.46) 



using eq. (2.37), the general boost k{p) can then be obtained by a similarity transformation 

k(p) = Sk{p^)S^ (2.47) 

where |p| = p^. But since N{p'^) = N{0), a straightforward calculation shows that the 
spin-sum in the helicity basis is boost invariant 

A^;,(p) = N{e). (2.48) 



^Rigorously speaking, this identification holds up to a constant. But for x(e, f") to be an eigenspinor of 
the charge conjugation operator, we must take the constant to be unity. 
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The subscript h indicates the spin-sum of arbitrary momentum is computed in the hehcity 
basis which differs from A^(p). From now onwards, whenever confusions may arise, any 
objects in the hehcity basis wih be accompanied by the subscript h. 

While there is a well-defined procedure to compute S{9, (j)) by diagonalising J • p, this 
is not a practical task for large matrices. Instead, it is easier to determine SQS^ directly. 
Using eq. (2.2) where 97^6"^ = -J^, we obtain the following condition 



{A,J-p} = 



(2.49) 



where A = SQS^ must anti-commute with J • p. However, eq. (2.49) can only determine 
A up to a constant. To determine the constant, we use the j = 1/2 spin-sum as an initial 
theoretical data and then assume these properties hold for any spin. When j = 1/2, the 
self-conjugate spin-sum, with all the proportionality constants determined is^ 



iv(^=i/2)(p) = ^rj + go=i/2)(^) 



(2.50) 



where Q^^ ^^'^\4') is an off-diagonal matrix of the form 



g 0=1/2) ( 



/o 









e~ 












/ 



(2.51) 



As a result of our assumption, the matrix A must be off-diagonal for any spin. An evidence 
in support of this result is that limg 0_^o ^(^) 0) = is an off-diagonal matrix. Therefore, 
we take A to be 

Aim = ge{0, (f>)6£-m- (2.52) 
Substituting eqs. (2.52) and (2.3) into eq. (2.49), we obtain the recursive relation 



-9-<7 + l[ 



(2.53) 



Equating A^/i(p) with A^^''~"'^^^^(p) of eq. (2.50), modulo their respective undetermined 
proportionality constants and the factor of i in Q^^^^^'^\ct)), we get (?_i/2 = ^'^'^ ■ Extrapolate 
this to all spin, we obtain 

g-j = e't (2.54) 
Solving the recursive relation using eq. (2.54), the general solution of §(,{(!)) is given by 

g, = (_i)J+^e-2^(j'+^-^)<^ (2.55) 

where I = — j, ■ ■ ■ j so that 

A,m = {-iy^'e-W-\)'f>s,^_^. (2.56) 



*We will determine all the proportionality constants of Elko in sec. 3 such that the resulting self-conjugate 
spin-sum coincides with eq. (2.50) when j = 1/2. 
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For example, when j = 1/2, we have 

^0 = 1/2) 

and for j = 1, 









(2.57) 



^0=1) 



/ e-^''^\ 
-e"*'^ 
e*"^ 



(2.58) 



Therefore, m the hehcity basis, the self-conjugate and anti-self conjugate spin-sums are 
given by 



iV/^(p) = 5^a(p,^)eft(p,^) = im/3(i)c*2/ + m/3(i)|c|2(-l)2^A 



where 



A 



A' 
A , 



(2.59a) 
(2.59b) 

(2.60) 



Now we return to the problem of determining Elko and its spin-sums in the polarisation 
basis. This can now be solved by noting that the spin-sums in the helicity basis specify a 
preferred plane with only (/)-dependence so the limit 9^0 does not affect the spin-sum. 
In this limit, (j){€,cr)\g^Q becomes a spinor in the polarisation basis in the sense that it is 
now an eigenspinor of 



J 0(e,o-)|e_^o = o■'^(e,o■)|e- 



.o■ 



(2.61) 



The remaining (/)-dependence for (p{e,a)\g^Q now appears as non-trivial phases. In the 
spin-half case, these phases ensure the locality of the fields. Therefore, the self-conjugate 
and anti-self conjugate Elko for any spin in the polarisation basis are given by 



^(0^,0-) = ^{e,a)\g^o, 
C(0^,cr) = ({e,a)\e^o 



(2.62a) 
(2.62b) 



where subscripts denote the directional-dependence of the rest spinors. Similarly the cor- 
responding Elko of arbitrary momentum is denoted as 



C(P0,cr) = Ch{p,o-)\e-^o- 
In the helicity basis, Elko of arbitrary momentum satisfy 

Up, = SK{p^)m ^) = sc{p^ a), 

a(p,a) = cSK(p3)c(o,c7) = cse(p^a). 



(2.63) 
(2.64) 

(2.65a) 
(2.65b) 
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On the left-hand side we have Elko of arbitrary momentum in the helicity basis while Elko 
on the right-hand side are defined in the polarisation basis according to eq. (2.6). 

To conclude this section, the introduction of direction-dependent non-trivial phases 
ensure the Elko spin-sums remain the same in both helicity and polarisation basis. Our 
results show that the Elko spin-sums for any spin are not Lorentz covariant and contain 
a preferred plane. Consequently, the resulting quantum fields violate Lorentz symmetry. 
Determining the underlying symmetry for such quantum fields is undoubtedly an important 
task, but it is not one we will undertake in this paper since our starting point is not suitable 
for this task. A potentially more appropriate approach is to start with a symmetry group 
and derive the particle states and quantum fields following the formalism developed by 
Wigner and Weinberg [36-38]. 

We should add that on this front, significant progress has been made by Ahluwalia 
and Horvath [7]. They showed that the Elko spin-sums are covariant under VSR trans- 
formations proposed by Cohen and Glashow [8]. However, to show that the Elko fields 
for any spin satisfy VSR symmetry, one must be able to derive Elko from first principle. 
This task has not yet been accomplished. Therefore, we leave this as an open problem for 
future investigation. For now, in the context of this paper, the next task is to derive the 
equations of motion for Elko in the momentum space. 

2.3 Spinor equations 

To derive the field equation, it is sufficient to use Elko in the polarisation basis defined 
by eq. (2.6). From eqs. (2.65a) and (2.65b), we can see that the field equations for Elko 
remain unchanged in both helicity and polarisation basis. 

The field equation can be derived by exploiting the following general identity in the 
(jjO) © (0, j) representation 

'^«--'(^) - (exp,-°. . ^"*0 ■ - ■ 

^i^.-m 7-1-2. . . . p^^^^^^ . . . p^^^ = (pMp^)2i ^ _ (2.67) 

where ^/^I'^/^zj g, generalisation of the spin-half 7'' matrices [36, app. A]. These matrices 
are completely symmetric in all indices and is a rank-2j tensor with respect to the Lorentz 
transformation of the (j, 0) © (0, j) representation. Here we shall work with x(P) c) leaving 
the phase •& unfixed for convenience. This is possible because it does not affect the final 
results. To see how eq. (2.66) helps us, we compute rx(0, o") and find 

rx(0,a) = ±i?/(j)(-l)-^+'^x(0,-^T) (2.68) 

where /(j) is defined as 

/(i) = (^ ^■ = ^'i'--- (2.69) 

To derive eq. (2.68), it is easier to consider the bosonic and fermionic Elko independently. 
The zb sign originates from taking the square root of eq. (2.27) 

c* = ±(-l)J'+i/2c, d* = ±{-iy+^/^d. (2.70) 
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For generality, we keep the freedom of the it sign but the choice is inconsequential since 
the field equation is insensitive to them. Multiply eq. (2.68) from the left by k(p) and 
using eq. (2.66), we obtain 

r'-^'^P^.-'-Pt^^MP^^) = ±/(j)(-l)-^'+"^rn2ix(p,-^T) (2.71a) 

r'^^^''''P^.^ ^ ^ ^ P 2 ^ = ^ / " ^ ( ^ ) ( " l ) ^ " ^ ^ ^ ( P , ) . (2.7lb) 

The above equations show that Elko for any spin does not satisfy the usual Lorentz- 
invariant higher spin equations.^ Instead the operator 7''^"'^^-'p^i • • •p^2j maps x{Pj^) to 
x(p,— o"). Substituting eq. (2.71b) into eq. (2.71a) or vice versa, we obtain 

(^Mi-M2,^.i-2,p^^ . ..p^,^^p^^ . ..p^^^ - m'^) ^(p^a) = 0. (2.72) 
But from eq. (2.67), this is just the Klein-Gordon equation so we get 

(p%-m2)x(p,a) = (2.73) 

and consequently 

(p>^ - m2)a(p, a) = {p^'p^ - m^Khip, ^r) = 0. (2.74) 

Unlike the expansion coefficients for a massive Lorentz invariant quantum field of 
the (j, 0) © (0,j) representation, Elko does not satisfy the generalised higher spin Dirac 
equation. Instead it satisfies the Klein-Gordon equation for any spin. This result suggests 
an interesting consequence, that the Elko fields for any spin have mass-dimension one 
and renormalisable self-interactions. We confirm this result in sec. 3.1 by computing the 
propagator. 



3 Mass-dimension one fields 

In this section, we explicitly construct quantum fields using Elko in the helicity basis 
as expansion coefficients. The unusual properties of Elko that we have encountered are 
naturally inherited by the field operators and will be revealed once we derive the free 
propagator and Lagrangian density. During the process, without losing generality, we will 
also determine the remaining proportionality constants of Elko. 

We take the Elko field with the appropriate normalisation to be 

A(x) = (2vr)-3/2 I -^g= [e-*""'a(p, ^)a(p, a) + e^^'^Up, a)bHp, a)] (3.1) 

where the creation and annihilation operators satisfy the canonical algebra 

[a(p, a),aHp', a')]± = [6(p, a),bHp', ct')]± = 5„^,5'ip - p') (3.2) 

while all other combinations vanish. The particles and anti-particles are created by acting 
a^{p,a) and b^{p,a) on the vacuum | ). The operator | has the same operational meaning 



See app. A for details. 
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as Hermitian conjugation when applied to the particle state but its action on the coefficients 
is different. We define its operation on Elko as 

^iip,a)^l,{p,a)T, (3.3a) 

ci(p,cT) = a(p,^)r. (3.3b) 

Therefore, the adjoint of the quantum field is given by 

l(x) = (2^)-3/2| -|i=^[e*P-^,(p,a)a^(p,cT) + e-^-^,(p,a)6(p,cT)] . (3.4) 

The work of Ahluwalia and Horvath [7] suggested that Elko satisfies VSR symmetry 
proposed by Cohen and Glashow [8]. Since the VSR groups are subgroups of the Poincare 
group, we expect A{x) and A(x) to preserve certain properties of Lorentz invariant field 
theories. In this spirit, we compute [A(x, t), A(y, t)]-|- to examine the spin-statistics and 
locality structure of the quantum field. Using eq. (3.2), we get 

[A(x,t), A(y,t)]± = (2vr)-3| ^^'"''^""''^ [iV,(p) ± M,(-p)] . (3.5) 
The term in the square bracket reads 

Nhip) ± A4(-p) = im/3{j) (c*2 T d*^) + 7n/3(i)(-l)2M(p) {\c\^ ^ \d\^) (3.6) 
where we have used the fact that ^(p) = — ^(— p) and 

- P = p\<j)^<i>±'!T,e^n-e- (3.7) 

The plus and minus sign apply when the momentum along the 2-axis is positive or negative 
respectively. Substituting eq. (3.6) into eq. (3.4), we get 

[A(x, t)My, t)]± = (2vr)"3 J 0e^P-(--y) [i/3(j) (c*^ ^ d*') + /3(j)(-l)2i^(p) (|c|2 ^ Idp)] . 

(3.8) 

For the fermionic field, the anti-commutator identically vanishes 



provided that we choose 



[A(x,t),A(y,t)]+ = 0, j = i|... (3.9) 

c*' = d*^ j- = i,|.... (3.10) 

On the other hand, for the bosonic field, if c*^ = d*^ then the first term of the commutator 
would be proportional to the standard function 

A+(x - y) = (2^)-3 J 0e*P-(^-^) (3.11) 

which is non-vanishing for all x — y. Therefore, we must choose 

c*2 = j = 1,2,--- . (3.12) 



-14- 



The resulting bosonic commutator becomes 

[A(x,t),A(y,t)]_ = |c|2/3(j)(27r)-3| ^^ipi^^y) ^{^^^ J = l,2,... (3.13) 

Aligning x — y to the 3-axis, a simple computation in the spherical coordinate then shows 
that the commutator identically vanishes. For the spin-half case, in the absence of a 
preferred direction in the vector space, de Oliveira and Rodrigues have shown explicitly that 
the integral over A^^^^^'^\p) vanishes for arbitrary direction [39]. It would be interesting 
to see if their result can be generalised to any spin. However, since Elko violates Lorentz 
symmetry and the spin-sums contain a preferred plane, it is possible that the space-time 
in which Elko resides has a non-trivial topology thus rendering the integral over ^(p) 
non- vanishing unless x — y is aligned along the 3-axis. 

3.1 Free propagator 

We are now ready to derive the free propagator. Using the quantum field and its adjoint, 
the propagator may be obtained by computing ( |r[A(a;), A(y)]| ). Substituting the Elko 
spin-sums into the generic expression of the propagator given by eq. (C.IO), we obtain the 
bosonic and fermionic propagator 



S{y,x) = i I -^e-"i<--y^ 



(2vr) 



f/3(i)c*2 + ((zVvW+^)/3(j)|c|'^(q) 



S{y,x) 



-iq-{x-y) 



q^q^ — m? + ie 
q^^qn — m? + ie 



J = l,2,--- 

(3.14a) 



1 3 



Equations (3.14a) and (3.14b) are the most important result of this paper. In the absence of 
non-trivial topology and preferred direction, both propagators are identical to the Klein- 
Gordon propagator up some multiplicative constants. It follows that the Elko fields for 
any spin all have mass-dimension one. This result is in stark contrast with the well-known 
result that the massive Lorentz-invariant fields of the (j, 0) ® (0,j) representation are of 
mass-dimension j + 1. But in hindsight, since Elko violates Lorentz symmetry, the general 
properties of Lorentz invariant field theories may no longer be applicable. 

Depending on the underlying symmetry for Elko, it is unclear whether the integral over 
^(q) would vanish for arbitrary direction. As a result, the propagator may not generally 
not be a Green's function of the Klein-Gordon operator 5^(9^ -|- m? where 9^ = d/dx^. In 
spite of this, given that Elko satisfies the Klein-Gordon equation, we propose that the local 
Lagrangian density for A(x) and A(x) for any spin with renormalisable self-interaction is 

^ = a^Aa^A-m^XA- |(AA)2 (3.15) 

where g is the coupling constant. By local, we mean the Lagrangian density only depends 
on one space-time coordinate. The term in the propagator that is proportional to w4,(q) is 
non-local since it has both x and y dependence. In space-time with non-trivial topology, if 
we want to cancel this term in the interactions, a non-local interacting term must be added 
to eq. (3.15). Having obtained a Lagrangian density, in the next two sections, we investigate 
the spin-statistics properties of the Elko fields and compute the free Hamiltonian. 
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3.2 Canonical variables 



The particles and anti-particles we have introduced are by construction, physically distinct. 
As a result, the corresponding Lagrangian density has two independent variables A{x) and 
A(a;) and are accompanied by their respective conjugate momenta 11(3;) and II(x). 
We define the conjugate momenta to be 

n(x) = ^,^7,^, , n(x) = (-1)2^—1= . (3.16) 

^ ^ d{dK/dty ^ ^ V ; Q^Qx/dt) ^ ' 

In sec. 3.3, we show that the factor (—1)^-' required in order to obtain physical free Hamil- 
tonians. Here this is necessary if we want the canonical variables to satisfy 

[(5„(x,t),Pm(y,t)]± ~ «'^r),m'^^(x - y), n,m = 1,2 (3.17) 

up to a real positive constant with 

Qx{x) = A(x), Q2{x) = A{x) (3.18) 

Pi{x) = n(x), P2{x) = I[{x). (3.19) 
A straightforward computation gives us the following equal-time bosonic commutator 

[A(x, t), n(y, t)]„ = [A(x, t), n(y, t)]_ = -(3{j)c*^5'{^ - y), j = 1, 2, • • • (3.20) 

and fermionic anti-commutator 

[A(x,t),n(y,t)]+ = -i3{jyHH^-y) 



[A(x,t),n(y,t)]+ = -p(j)c*^^{^-y) 

-i/3(i)|c|2(27r)-3| d'pe'P<-~y)A{p), j = l,^,-- - . (3.21b) 

We see that the bosonic commutator is consistent with our expectation while the fermionic 
ant i- commutator contains an additional integral over ^(p).^'^ Here the former result is 
original and the later can be seen as a generalisation of the spin-half anti-commutator 
obtained in refs. [1-4]. 

Comparing the above expressions with eq.(3.17), we see that the coefficient — /3(j)c*^ 
of the Dirac delta function must be an imaginary number. Had we not introduced the 
factor (—1)^-' for n(x), the first term of eqs. (3.21a) and (3.21b) would differ by a minus 
sign and becomes inconsistent with eq. (3.17). 

^°See sec. 3.1 for discussion on the ^(p) term. 
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3.3 Free Hamiltonian 



The signs of the proportionality constant in eq. (3.17) may not be particularly important. 
But the overall sign of a Hamiltonian is important since it determines whether the theory 
is physical or not. Below we show that using the conjugate momenta defined in eq. (3.16), 
we obtain the desired positive-definite free Hamiltonians for any spin. 
We compute the free Hamiltonian using the Legendre transformation 



Ho = J cfxY,Pn{x)Qn{x)-^0 



(fx 



ot at 



(3.22) 



Substituting A(x) and A(a;) into Hq^ we obtain 

H, = j ^/j;[e(p,<T)e(p,^)[a*(p,a)a(p,a)+5(0)] 



+C(p,a)C(p,cT)[(-l)2^^6t(p,a)6(p,a) + 5(0)] . (3.23) 



Although we do not show the explicit calculation here, it is important to remark that if 
the (—1)^-' factor is absent from 11(2;), the cross-terms proportional to o(p, cj)&(— p, a') and 
(p, cr)fe-f (— p, 0"') would be non-vanishing. Therefore, the introduction of (—1)^-' to n(x) 
is crucial in ensuring that the free fermionic Hamiltonian is diagonal. Also, we see that 
the norms of the self-conjugate and anti-self conjugate Elko must be identical within their 
respective sectors so they contribute equally to the free Hamiltonian. 

Using eq. (2.27) and the Elko norms given in eqs. (2.28a) and (2.28b), we see that for 
the fermionic Hamiltonian, the divergent terms proportional to (5^(0) cancel giving us 



Ho = 2i(3{j)c*^ j d^pY.p'' p(p,cT)a(p,c7) + 6^(p,a)6(p,a) 



1 3 
2' 2'' 



(3.24) 



Therefore, the fermionic field for Elko has vanishing vacuum energy. Setting the propor- 
tionality constants of the fermionic field and its adjoint to be 



d 



1 



^/2' 



1 3 

2'2' 



we obtain the desired free fermionic Hamiltonian with no vacuum energy 



Ho = j d^P^P^ ^a\p,a)a{p,a) + b\p,a)b{p,a) 



. _ 1 3 

~ 2' 2'' 



(3.25) 



(3.26) 



Performing a similar computation for the bosonic field, in order to obtain a physical Hamil- 
tonian, we set the proportionality constants to 



1, 



d* 



1 



Jtt/4: 



1,2, ■ 



(3.27) 
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which gives us 

^0= /d^j^J^pO [a*(p,a)a(p,a) + 6*(p,a)6(p,a) + 2j3(0)] , j = l,2,---. (3.28) 

Unhke the fermions, the vacuum energy is positive and non- vanishing, but since only the 
shift in vacuum energy is measurable, the divergent term can be ignored. It is helpful 
to remind ourselves that it is unusual for the fermionic field to have vanishing vacuum 
energy. In Lorentz invariant field theories, the free Hamiltonians of bosons and fermions 
have positive and negative divergent vacuum energies respectively. 

We have now determine all the proportionality constants. Substituting them into the 
canonical commutators and anti-commutators we obtain 

[A(x,t),n(y,t)]_ = [A(x,t),n(y,t)]_ = ^^^(x-y), i = l,2,--- (3.29) 



[A(x,i),n(y,t)]. 



4(2^)' 



j (i3pe-^P-(''-yU(p), j 



1 3 

2' 2' 



(3.30a) 



[A(x,t),n(y,t)]. 



-i(2vr)- 



d^p e 



ip-(x- 



1 3 
2'2' 



(3.30b) 



We see that the demand for physical Hamiltonians forces the canonical algebra to be 
modified by a factor of 1/2. This factor cannot be absorbed into the fields for it would 
then change the free Hamiltonians by a factor of 2. 

Also, substituting these constants into the propagators, we obtain 



S{y,x) 



-iq-{x-y) 



S{y,x) 



d^q 
(27r)4 



-iq-{x-y) 



^(g°/\/|qP + ?^^)>^(q) 

q^^qf_i — m? + ie 



I + i^(q) 



1,2, 



1 3 
2' 2^ 



(3.31a) 



(3.31b) 



q^^q^ — + ie 

A complete investigation on the properties of propagators would require us to compute scat- 
tering amplitudes. But without first determining the underlying symmetry, any brute force 
computation of the scattering amplitudes would be premature. In spite of this, the prop- 
agators given by eqs. (3.31a) and (3.31b) already provide us important information, that 
the Elko fields for any spin have mass-dimension one and renormalisable self-interactions. 



4 Conclusions 

In refs. [1-4], it was shown that contrary to conventional wisdom, there exists spin-half 
quantum fields of mass-dimension one and satisfy the Klein-Gordon but not the Dirac 
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equation. These fields constructed using spin-half Elko as expansion coefficients are Lorentz 
violating and have renormalisable self-interactions. The results obtained in this paper are a 
direct generalisation of these works. The properties of spin-half Elko are naturally inherited 
by their higher-spin generalisations. As our primary focus is on the generalising the spin- 
half Elko fields to any spin, we did not study the interactions. This is also due to the 
reason that since we do not know the symmetry of Elko, any brute force computation of 
scattering amplitudes would be in vain. But this is definitely an important issue to be 
addressed in the future. 

It should be noted that our work may not be of pure academic interest. In the above ref- 
erences, it was argued that the fermions described by the spin-half Elko fields are potential 
dark matter candidates due to renormalisable self-interactions and limited electromagnetic 
interactions. Since these properties are also present for the higher-spin Elko fields, it follows 
that they are also likely dark matter candidates. If dark matter exists, they are unlikely 
to be comprised entirely of one single specie. Our construct thus offers a possible solution 
since it contains both bosonic and fermionic particles. 

While there are stringent limits on Lorentz symmetry violation, they do not immedi- 
ately rule out our construct as these experiments were conducted using only SM particles. 
In other words, there are no direct evidence suggesting that dark matter must satisfy 
Lorentz symmetry [40]. Ahluwalia and Horvath have shown that the spin-half Elko spin- 
sums are VSR covariant [7]. Their results raise the possibility that the space-time symmetry 
for dark matter may be dictated by VSR and not Lorentz symmetry [41]. Although we 
did not pursue this line of research here, the VSR groups may ultimtaely provide us a 
framework to compute reliable scattering amplitudes. 
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A Lorentz invariant fields for any spin 

Let ^'(x) be a Lorentz invariant massive quantum field of the (j, 0) © (0, j) representation 
= (2vr)-3/2| ^ [e-f-n(p,a)a(p,a) +e^P-^(p,a)5t(p,a)] (A.l) 
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The expansion coefficients at rest determined by Lorentz symmetry with the appropriate 
normahsation are given by 



u{0,j) 



m-' 



/1\ 




1 




u{0,j-l) 



m-' 



v{0,j) = 





.l)2i+l 





V -1 / 



,viOJ-l) 



m-' 



1 




1 






1 

V / 



j^(0,-j) = 





1 






(A.2) 



-j) = 



( -1 \ 





(_l)2i+l 



V j 



(A.3) 

(A.4a) 
(A.4b) 



(A.5a) 
(A.5b) 



The expansion coefficents of arbitrary momentum are obtained by 

n(p,o-) = K(p)n(0,cr), 

t;(p,cr) = K(p)u(0,cr) 
and they satisfy the following field equations 

The explicit expression of ^^'I ' ^'sj spin- two can be found in ref. [42]. Consequently, 

the field equation for ^(x) is 

Our main purpose here is to derive the charge-conjugation matrix C needed to con- 
struct Elko for any spin. To achieve this, we start with the standard definition of charge- 
conjugation operator C acting on the creation and annihilation operators 

Ca(p, c7)C-i = ?*6(p, a), C6t(p, a)C-i = ?at(p, a) (A.7) 

where ? and q are the charge-conjugation phases. Therefore, the field ^'(x) transforms as 

-3/2 { \^ \^-ip-X^*^,(^ rr\h(r^ rr\ J- JP'^F^fr^ rr^J I 



/ 4=Ek'''"^MP,^)KP,<^) + e*^"?^^(p,a)at(p,a)l ^ (A. 



-20- 



The expansion coefficients satisfy the following identities 



Cu{p, a) = iv{p, a), Cv{p, a) = iu{p, a) (A. 9) 

where charge-conjugation matrix is defined by 

with /C being the complex conjugation operator acting to the right. Setting = ? and 
using eq. (A. 9), we obtain 

C^'(x)C-^ = -K*C^'(x). (A.ll) 

B Spin-half Elko 

We define a four-component spinor x(P) ^ 

where O = —ia^. The spinor x(Pi^) becomes the eigenspinors of the charge-conjugation 
operator C (and hence Elko) with the following choice of phases 

Cx(p, cF)U=±i = ±x(p, <y)U=±i (B.2) 

thus giving us four Elko spinor s. 

In the helicity basis, we take the left-handed Weyl spinors at rest to be 



sin(6'/2)e^ 



The Elko spinors at rest, are divided into the self-conjugate spinors {{} = i) and the anti- 
self-conjugate spinors (■!? = —iY^ 

e(p,i)(e) = +x(e,i)U=+,, (B.5) 

i{p-l){e) = +x{e,-\)U=+i, (B.6) 

C(p,i)(e) = +x(e,-^)U=-i, (B.7) 

C(p,-i)(e) = -x(e,|)l^=-i- (B.8) 



^^Our labels for the spinors are different to ref. [4]. For the self-conjugate spinor, a = 1/2,-1/2 only 
denotes the eigenvalue of its left-handed component (f>{e,a) with respect to (cr/2) ■ p. Whereas in ref. [4], 
a = ±1/2, =1=1/2. The top and bottom sign denote the eigenvalues of both the right and left-handed 
component of the self-conjugate spinors respectively. 
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In the polarisation basis, the Elko spinors takes symbolic form [4] 
where 

They are obtained by taking the 0—7-0 limit of Elko in the helicity basis. The arrows and 
JJ- represent eigenspinors of = with positive and negative eigenvalues respectively. 

C Propagator 

We compute the most general free-field propagator. Let operator S{y, x) where x = {t, x) 
and y = (i',y) be the propagator for a general field ^p{x) 



(C.l) 



V'(x) = (27r)-3/2 f -APy^\e-^P--uip,a)a{p,a) + e'P--v{p,a)bHp,c7) 
and its adjoint Tp{x) 

i,{x) = (27r)-3/2y' ^ pP-n(p,a)at(p,a) +e-^P-^(p,a)6(p,a)] . (C.2) 



The propagator S{y, x) is defined as 



S{y,x) = { |r[V^(x)^(y)]| ) 

= 0{t - t'){ mx)^{y)\ ) ± 9{t' - t){ |^(y)V(x)| ) (C.3) 

where T denotes the time-ordered product and 0{t) is the step function 

The top and bottom signs in eq. (C.3) are for the bosonic and fermionic fields respectively. 
Computing the vacuum expectation values, the non- vanishing matrix elements are 

( ) = (2^)-3 I 0e-^-(^--)iV(p), (C.5) 

( ) = (2vr)-3| 0e^^>-(^-)M(p) (C.6) 

where 

Nip) = J2^{p,a)u{p,a), (C.7) 
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(C.8) 



Using the integral representation of the step function 



e{t) = hm 



du e' 



(C.9) 



2iTi uj — ie 



after some algebraic manipulations and performing the change of variables, u = p — q* 
and p = q, we obtain 
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